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Abstract
A well known theorem in graph theory states that every graph G on n
vertices and minimum degree at least d contains a path of length at least d,
and if G is connected and n ≥ 2d + 1 then G contains a path of length at
least 2d (Dirac, 1952). In this article, we give an extension of Dirac’s result to
hypergraphs. We determine asymptotic lower bounds of the minimum degrees
of 3-graphs to guarantee linear paths of specific lengths, and the lower bounds
are tight up to a constant.
1 Introduction
An r-uniform hypergraph (or r-graph for short) is a pair H = (V,E), where V is a
set of elements called vertices, and E is a collection of subsets of V with uniform size
r called edges. In this article, all r-graphs H considered are simple, i.e. H contains
no multiple edges. We call |V | the order of H and |E| the size of H , also denoted
by |H| or e(H). We write graph for 2-graph for short. A linear k-path (or a linear
path of length k), denoted by Pk, is a collection of k edges {e1, e2, ..., ek} such that
|ei ∩ ej | = 1 if |i − j| = 1 and ei ∩ ej = ∅ otherwise. Given S ⊆ V (H), the degree
∗The work was supported by NNSF of China (No. 11671376), NSF of Anhui Province (No.
1708085MA18), and Anhui Initiative in Quantum Information Technologies (AHY150200).
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of S, denote by dH(S), is the number of edges of H containing S. The minimum
s-degree δs(H) of H is the minimum of dH(S) over all S ⊆ V (H) of size s. We
call δ1(H) the minimum degree of H , that is δ1(H) = min{dH(v) : v ∈ V (H)}. Let
NH(S) = {T : S ∪ T ∈ E(H)}. Given two r-graphs H and F , we say H is F -free if
H contains no subgraph isomorphic to F . Given two integers a, b with a < b, write
[a, b] for the set {a, a+ 1, . . . , b}.
The following results are well known in graph theory related to minimum degree
and the lengths of paths in a graph, two of them were due to Dirac. Note that, for a
graph G, we write a path for a linear path and δ(G) for δ1(G).
Theorem 1.1. Let G be a graph on n vertices with minimum degree d.
(i) G contains a path of length at least d.
(ii) (Dirac 1952, Theorem 3 in [3]) If G is connected and n ≤ 2d then G contains
a path of length at least n (i.e. a Hamiltonian path).
(iii) (Dirac 1952, Theorem 4 in [3]) If G is connected and n ≥ 2d + 1 then G
contains a path of length at least 2d.
The famous Erdo˝s-Gallai Theorem [4] states that every graph on n vertices and
(k−1)n
2
edges contains a path of length k, this can be viewed as an average de-
gree version of Theorem 1.1. Erdo˝s-Gallai Thoerem was improved later by Faudree
and Schelp [5], and the connected version was given by Balister, Gyo˝ri, Lehel, and
Schelp [1] in 2008. An hypergraph extension of Erdo˝s-Gallai Theorem was solved by
Gyo˝ri, Katona, and Lemons [6] and Davoodi, Gyo˝ri, Methuku, and Tompkins [2].
Motivated by these results, in this article, we give a hypergraph version of Theo-
rem 1.1.
Theorem 1.2. Let k be a nonnegative integer.
(1) Every 3-graph H on n ≥ 4k + 19 vertices with δ1(H) ≥ kn + 6k
2 − 3k + 3
contains a linear path of length 2k + 1.
(2) Every 3-graph H on n ≥ 4k + 21 vertices with δ1(H) ≥ kn + 6k
2 + 7k + 6
contains a linear path of length 2k + 2.
The lower bound is tight up to an error term O(k2). To verify this, let Sr(n, k)
be the r-graph on vertex set A ∪B with |A| = k and |B| = n− k, and edge set
E = {e : e ⊂ A ∪ B with |e| = r and e ∩ A 6= ∅};
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let Cr(n, s) be the r-graph with vertex set S ∪ T with |S| = s and |T | = n − s, and
edge set
E = {e : e ⊂ S ∪ T with |e| = r and S ⊂ e};
S+r (n, k) is the r-graph obtained from Sr(n, k) by embedding a copy of Cr(n−k, 2) in
B. The r-graphs Sr(n, k) and S
+
r (n, k) have also been defined by Kostochka, Mubayi,
and Verstrae¨te [7] using a different notation. The following proposition can be checked
directly from the definitions of Sr(n, k) and S
+
r (n, k).
Proposition 1.3. Let k ≥ 1 be an integer.
(1) S3(n, k) is P2k+1-free and δ1(S3(n, k)) = kn−
k2
2
− 3k
2
;
(2) S+3 (n, k) is P2k+2-free and δ1(S
+
3 (n, k)) = kn−
k2
2
− 3k
2
+ 1.
Proposition 1.3 shows that the lower bound given in Theorem 1.2 is tight up to
a constant c(k) depending on k. In fact, we believe that S3(n, k) and S
+
3 (n, k) are
extremal graphs for P2k+1-free and P2k+2-free graphs with maximum minimum degree,
respectively. We leave this as an open question.
The rest of the article is arranged as follows. In Section 2, we give the proof of
Theorem 1.2. We give some discussions and remarks in Section 3.
2 Proof of Theorem 1.2
For the special case k = 0, we have better lower bounds than the ones given in
Theorem 1.2.
Lemma 2.1. (1) Every 3-graph H on n ≥ 3 vertices with δ1(H) ≥ 1 contains a linear
path of length 1.
(2) Every 3-graph H on n ≥ 5 vertices with δ1(H) ≥ 4 contains a linear path of
length 2.
Proof. (1) It is trivial since every edge e ∈ E(H) is a P1 in H .
(2) Choose an edge e1 = {a, b, c1} ∈ E(H). Since dH(a) ≥ δ1(H) ≥ 4, we can
pick three distinct edges e2, e3, e4 ∈ E(H) \ {e1}. If there exist i, j ∈ [1, 4] such that
|ei ∩ ej| = 1, then {ei, ej} induces a P2 in H . So we assume that |ei ∩ ej | = 2 for all
i, j ∈ [1, 4]. Let e2 = {a, b, c2}, where c2 6= c1.
If b ∈ e3 or b ∈ e4, without loss of generality, assume e3 = {a, b, c3}, where c1, c2, c3
are pairwise distinct. Now, consider c1, there must exist an edge e
′ with c1 ∈ e
′ and
3
e′ 6= e1. Clearly, |e
′ ∩ ei| = 2 (otherwise, we have a P2 in H) for i = 1, 2, 3. Without
loss of generality, assume e′ = {a, c1, d}. Then d 6= b. So, at least one of c2, c3 is
different from d, which contradicts to |e′ ∩ ei| = 2, i = 2, 3.
Now assume b 6∈ e3 and b /∈ e4. Since |e1 ∩ e3| = 2 and |e2 ∩ e3| = 2, we
have c1, c2 ∈ e3, which means e3 = {a, c1, c2}. With the same reason, we have
e4 = {a, c1, c2} = e3, a contradiction.
Remark. n ≥ 5 and δ1(H) ≥ 4 is best possible. For example, the complete 3-graph
K34 has minimum degree 3 but does not contain a linear path of length two.
For a 3-graph H , we write xyz ∈ E(H) for {x, y, z} ∈ E(H), write Pt =
(x0, x1, ..., x2t) for the linear path Pt = {x0x1x2, x2x3x4, ..., x2t−2x2t−1x2t} in H , and
for distinct a, b ∈ {0, 1, 2, . . . , 2t}, define dP (a, b) := |NH({xa, xb}) \ V (P )|. A linear
k-cycle in an r-graph, denoted by Ck, is a collection of k edges {e1, e2, ..., ek} such
that |ei ∩ ej | = 1 if |i − j| = 1 or k − 1 and ei ∩ ej = ∅ otherwise. Let C
+
k be
the r-graph, called a k-cycle with a parallel edge, obtained from Ck by adding a new
vertex v an edge f with the property that v ∈ f and there is an edge e ∈ E(Ck) such
that (Ck − e) ∪ {f} is also a linear cycle of length k and |f ∩ e| = 2. Define
g(n, t) =
{
t−1
2
n + 3
2
t3 − 9
2
t+ 6 t is odd,
t−2
2
n + 3
2
t3 − 5
2
t+ 6 t is even.
Lemma 2.2. Given integers t ≥ 3 and n ≥ 2t+ 17, let H be a 3-graph on n vertices
and δ1(H) ≥ g(n, t). If H is Pt+1-free then H contains no C
+
t+1 as a subgraph.
Proof. Suppose to the contrary that there exists a C+t+1 in H . Write
C+t+1 = (x0, ..., x2t) ∪ {x0x2t+1x2t} ∪ {x0vx2t}.
Let X = {x0, x1, ..., x2t, x2t+1}. Since n ≥ 2t + 17 and t ≥ 3, we have δ1(H) ≥
g(n, t) >
(
2t+2
2
)
.
Claim 1. There must exist an element T ∈ NH(v) such that |T ∩X| = 1.
We first claim that there is no T ∈ NH(v) such that T ∩ X = ∅. If not, as-
sume that there is a T with |T ∩ X| = 0. Let e = {v} ∪ T = {v, v1, v2}. Then
(v2, v1, v, x2t, x0, x1, x2, x3, ..., x2t−2) is a linear path of length t+ 1 in H , a contradic-
tion. Now assume |T ∩X| = 2 for any T ∈ NH(v). Then dH(v) ≤
(
2t+2
2
)
< δ1(H), a
contradiction. This completes the proof of the claim.
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By Claim 1, we can choose a T ∈ NH(v) with |T∩X| = 1. Let T∪{v} = {v, v
′, xi},
where v′ /∈ X and i ∈ [0, 2t+ 1]. If i is even, then
(v, v′, xi, xi+1, xi+2, ..., x2t, x2t+1, x0, x1, ..., xi−2)
is a linear path of length t + 1 in H , a contradiction. Now assume i is odd. then
(v, v′, xi, xi−1, xi+1, xi+2, ..., x2t, x2t+1, x0, x1, ..., xi−3)
is a linear path of length t + 1 in H , a contradiction, too.
Lemma 2.3. Given integers t ≥ 3 and n ≥ 2t+ 17, let H be a 3-graph on n vertices
and δ1(H) ≥ g(n, t). If H is Pt+1-free and P = (x0, x1, ..., x2t) is a linear path of
length t in H, then the following statements hold:
(i) dP (0, 2t) ≤ 1;
(ii) if there is some k ∈ [0, t− 1] such that dP (a, 2k + 1) > 0 for a ∈ {0, 2t}, then
dP (0, 2k + 1) + dP (2t, 2k + 1) ≤ 2;
(iii) if there is some k ∈ [0, t− 1] such that dP (0, 2k + 2) > 0 and dP (2t, 2k) > 0,
then dP (0, 2k + 2) + dP (2t, 2k) ≤ 4;
(iv) if there is some k ∈ [0, t− 1] and some ℓ ∈ {0, t} such that dP (2k, 2k+2) > 0
and dP (2ℓ, 2k + 1) > 0, then dP (2k, 2k + 2) + dP (2ℓ, 2k + 1) ≤ 2.
Proof. By Lemma 2.2, H is C+t+1-free.
(i) It is a direct corollary of Lemma 2.2.
(ii) Let dP (0, 2k + 1) = i and dP (2t, 2k + 1) = j. Then i, j ≥ 1. Without
loss of generality, assume i ≥ j. If i + j ≥ 3 then i ≥ 2. So there must exist
y ∈ NH({x0, x2k+1}) \ V (P ) and z ∈ NH({x2t, x2k+1}) \ V (P ) such that y 6= z.
Therefore, (x2k+2, x2k+3, . . . , x2t, z, x2k+1, y, x0, x1, . . . , x2k) is a linear path of length
t+ 1, a contradiction.
(iii) Let dP (0, 2k + 2) = i and dP (2t, 2k) = j. Then i, j ≥ 1. Without loss of
generality, assume i ≥ j. If i + j ≥ 5 then i ≥ 3. So there must exist y1, y2 ∈
NH({x0, x2k+2}) \V (P ) and z ∈ NH({x2t, x2k}) \V (P ) such that z /∈ {y1, y2}. There-
fore, (x0, x1, . . . , x2k, z, x2t, x2t−1, . . . , x2k+2)∪{x2k+2, y1, x0}∪{x2k+2, y2, x0} is a copy
of C+t+1 in H , a contradiction.
(iv) Without loss of generality, assume ℓ = 0. Let dP (2k, 2k+2) = i and dP (0, 2k+
1) = j. Then i, j ≥ 1. Without loss of generality, assume i ≥ j. If i + j ≥ 3 then
i ≥ 2. So we can pick y ∈ NH({x2k, x2k+2}) \ V (P ) and z ∈ NH({x0, x2k+1}) \ V (P )
with y 6= z. Therefore, (x2k+1, z, x0, x1, . . . , x2k, y, x2k+2, x2k+3, ..., x2t) is a linear path
in H of length t+ 1, a contradiction.
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The following lemma is a corollary of Lemma 2.3
Lemma 2.4. Given integers t ≥ 3 and n ≥ 2t+ 17, let H be a 3-graph on n vertices
and δ1(H) ≥ g(n, t). If H is Pt+1-free and P = (x0, x1, . . . , x2t) is a linear path of
length t in H. Then the following statements hold:
(a) dP (0, 2k + 1) + dP (2t, 2k + 1) ≤ n− 2t− 1 for all k ∈ [0, t− 1];
(b) dP (0, 2k + 2) + dP (2t, 2k) ≤ n− 2t− 1 for all k ∈ [0, t− 1].
Proof. If one of dP (0, h) and dP (2t, ℓ) is zero, say dP (0, h) = 0, then dP (0, h) +
dP (2t, ℓ) = 0 + |NH({x2t, xℓ}) \ V (P )| ≤ n − 2t − 1. So, to prove (a) and (b), it is
sufficient to assume that both dP (0, h) and dP (2t, ℓ) are positive for h ∈ {2k+1, 2k+2}
and ℓ ∈ {2k, 2k + 1}.
(a) Since both dP (0, 2k+1) and dP (2t, 2k+1) are positive, by (ii) of Lemma 2.3,
we have dP (0, 2k + 1) + dP (2t, 2k + 1) ≤ 2 ≤ n− 2t− 1.
(b) Since dP (0, 2k+2) and dP (2t, 2k) are positive, by (iii) of Lemma 2.3, we have
dP (0, 2k + 2) + dP (2t, 2k) ≤ 4 ≤ n− 2t− 1.
We first give a weak version of Theorem 1.2. For a linear path P = (x0, x1, ..., x2s)
in a 3-graph H , define MP = {i ∈ [0, s− 1] : dP (2i, 2i+ 2) ≥ 2}.
Theorem 2.5. Given integers t ≥ 3 and n ≥ 2t+ 17, every 3-graph H on n vertices
with
δ1(H) ≥
t− 1
2
n+
3
2
t2 −
9
2
t+ 6
contains a linear path Pt as a subgraph.
Proof. Suppose to the contrary that H is Pt-free. Let P = (x0, x1, ..., x2s) be a longest
linear path such that |MP | has maximum value. Then s < t. Let T = [0, s− 1] \MP .
Claim 2. For any X ∈ NH(xi), i ∈ {0, 1, 2s− 1, 2s}, we have |X ∩ V (P )| ≥ 1.
In fact, if there is an X ∈ NH(xi) such that |X ∩ V (P )| = 0 for some i ∈
{0, 1, 2s− 1, 2s}, then P ∪ (X ∪{xi}) is a linear path of length s+1, a contradiction.
By Claim 2, we have
dH(x0) =
∣∣∣∣NH(x0) ∩
(
V (P )
2
)∣∣∣∣+
2s∑
i=1
dP (0, i) ≤
(
2s
2
)
+
2s∑
i=1
dP (0, i). (1)
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Similarly, we have dH(x2s) ≤
(
2s
2
)
+
2s−1∑
i=0
dP (2s, i). So we have
2δ1(H) ≤ dH(x0) + dH(x2s) ≤ 2
(
2s
2
)
+
2s∑
i=1
dP (0, i) +
2s−1∑
j=0
dP (2s, i)
= 2
(
2s
2
)
+
s−1∑
k=0
[dP (0, 2k + 1) + dP (2s, 2k + 1)]
+
s−1∑
k=0
[dP (0, 2k + 2) + dP (2s, 2k)]
= 2
(
2s
2
)
+
(∑
k∈MP
+
∑
k∈T
)
[dP (0, 2k + 1) + dP (2s, 2k + 1)]
+
(∑
k∈MP
+
∑
k∈T
)
[dP (0, 2k + 2) + dP (2s, 2k)]
≤ 2
(
2s
2
)
+ 0 + (s− |MP |)(n− 2s− 1) + |MP |(n− 2s− 1)
+
∑
k∈T
[dP (0, 2k + 2) + dP (2s, 2k)]
= 2
(
2s
2
)
+
∑
k∈T
[dP (0, 2k + 2) + dP (2s, 2k)] + s(n− 2s− 1),
where the last inequality holds because dP (0, 2k+1) = dP (2s, 2k+1) = 0 for k ∈MP
by (iv) of Lemma 2.3, and dP (0, 2k+1)+ dP (2s, 2k+1) ≤ n− 2s− 1, dP (0, 2k+2)+
dP (2s, 2k) ≤ n− 2s− 1 by Lemma 2.4. Therefore,
∑
k∈T
[dP (0, 2k + 2) + dP (2s, 2k)] ≥ 2δ1(H)− s(n− 2s− 1)− 2
(
2s
2
)
≥ (t− 1)n+ 3t2 − 9t+ 12− s(n− 2s− 1)− 2
(
2s
2
)
≥ sn+ 3s2 − 3s+ 6− s(n− 2s− 1)− 2s(2s− 1)
= s2 + 6.
This implies that there must exist a k′ ∈ T such that max{dP (0, 2k
′+2), dP (2s, 2k
′)}
≥ max{2|MP |+ 1, 3} (otherwise, if |MP | > 0 then∑
k∈T
[dP (0, 2k + 2) + dP (2s, 2k)] ≤
∑
k∈T
(2|MP |+ 2|MP |) = 4|MP |(s− |Mp|) < s
2 + 6,
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a contradiction; if |MP | = 0 then∑
k∈T
[dP (0, 2k + 2) + dP (2s, 2k)] ≤
∑
k∈T
(2 + 2) = 4s < s2 + 6,
a contradiction too.) Without loss of generality, assume dP (0, 2k
′+2) ≥ max{2|MP |+
1, 3}. By pigeon hole principle, we can choose a vertex v ∈ NH({x0, x2k′+2}) \ V (P )
such that v /∈ NH(x2k, x2k+2) \ V (P ) for each k ∈ MP with dP (2k, 2k + 2) = 2. Now
we set yi = x2k′−i for i ∈ [0, 2k
′], and y2k′+1 = v1 and yj = xj for j ∈ [2k + 2, 2s].
Then P ′ = (y0, y1, ..., y2s) is a linear path of length s in H . Since |NH({y2k′, y2k′+2}) \
V (P ′)| = |NH({x0, x2k′+2}) \ V (P )| − 1 ≥ 2, we have k
′ ∈ MP ′. For k > k
′ and
k ∈ MP , if dP (2k, 2k + 2) ≥ 3 then dP ′(2k, 2k + 2) ≥ dP (2k, 2k + 2) − 1 ≥ 2,
so k ∈ MP ′ ; if dP (2k, 2k + 2) = 2 then dP ′(2k, 2k + 2) = dP (2k, 2k + 2) = 2, so
k ∈ MP ′ . For k ≤ k
′ − 1 and k ∈ MP , with a similar discussion with k > k
′, we
have k′ − k − 1 ∈ MP ′ . Therefore, we have |MP ′| = |MP |+ 1, a contradiction to the
maximality of MP .
Clearly, (1) of Theorem 1.2 follows from Theorem 2.5 by taking t = 2k + 1. So,
in the following, we prove the case when t is even.
Theorem 2.6. Given positive integers k and n ≥ 4k + 21, every 3-graph H with
δ1(H) ≥ kn+ 6k
2 + 7k + 6 contains a linear path P2k+2 as a subgraph.
Proof. Clearly, δ1(H) ≥ kn+6k
2+7k+6 ≥ kn+6k2−3k+3. By (1) of Theorem 1.2,
H contains a linear path P2k+1. Let P = {x0, x1, ..., x2ℓ} be a longest linear path in
H such that |MP | has maximum value. If ℓ ≥ 2k + 2 then we are done. Now assume
ℓ = 2k+1. By (ii) and (iii) of Lemma 2.3, min{dP (0, 2i+2), dP (2ℓ, 2i)} ≤ 2 for each
i ∈ MP , and min{dP (0, 2i+ 1), dP (2ℓ, 2i+ 1)} ≤ 1 for every i ∈ [0, ℓ− 1] \MP . Let
T = [0, ℓ− 1] \MP and
N0 = {i ∈MP : dP (0, 2i+ 2) ≥ 3} ∪ {i ∈ T : dP (0, 2i+ 1) ≥ 2},
N2ℓ = {i ∈MP : dP (2ℓ, 2i) ≥ 3} ∪ {i ∈ T : dP (2ℓ, 2i+ 1) ≥ 2}.
Clearly, we have N0 ∩ N2ℓ = ∅. So |N0| + |N2ℓ| ≤ ℓ. Since ℓ = 2k + 1, at least
one of |N0|, |N2ℓ| is at most k. Without loss of generality, assume |N0| ≤ k. Let
M0 = [0, ℓ− 1] \N0. Then, similar to Inequality (1) in the proof of Theorem 2.5, we
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have
dH(x0) ≤
(
2ℓ
2
)
+
2ℓ∑
i=1
dP (0, i)
=
(
2ℓ
2
)
+
( ∑
i∈N0∩T
+
∑
i∈M0∩T
+
∑
i∈MP
)
dP (0, 2i+ 1)
+
( ∑
i∈N0∩MP
+
∑
i∈M0∩MP
+
∑
i∈T
)
dP (0, 2i+ 2)
≤
(
2ℓ
2
)
+ (n− 2ℓ− 1)|N0 ∩ T |+ |M0 ∩ T |+ 0
+ (n− 2ℓ− 1)|N0 ∩MP |+ 2|M0 ∩MP |+
∑
i∈T
dP (0, 2i+ 2)
≤
(
2ℓ
2
)
+ (n− 2ℓ− 1)|N0|+ 2(ℓ− |N0|) +
∑
i∈T
dP (0, 2i+ 2)
≤ ℓ(2ℓ− 1) + (n− 2ℓ− 3)k + 2ℓ+
∑
i∈T
dP (0, 2i+ 2)
≤ kn + 4k2 + 5k + 3 +
∑
i∈T
dP (0, 2i+ 2),
where the second inequality holds because dP (0, 2i+1) = 0 for any i ∈MP by (iv) of
Lemma 2.3, and dP (0, 2i+1) ≤ n− 2s− 1, dP (0, 2i+2) ≤ n− 2s− 1 by Lemma 2.4.
Therefore, ∑
i∈T
dP (0, 2i+ 2) ≥ dH(x0)−
(
kn+ 4k2 + 5k + 3
)
≥ δ1(H)− (kn+ 4k
2 + 5k + 3)
≥ 2k2 + 2k + 3.
This means there exists a j ∈ T such that dP (0, 2j + 2) ≥ max{2|MP |+ 1, 3} (other-
wise, if |MP | > 0 then∑
i∈T
dP (0, 2i+ 2) ≤
∑
i∈T
2|MP | = 2|MP |(ℓ− |Mp|) < 2k
2 + 2k + 3,
a contradiction; if |MP | = 0 then∑
i∈T
dP (0, 2i+ 2) ≤
∑
i∈T
2 = 2(ℓ− |MP |) < 4k + 2 < 2k
2 + 2k + 3,
a contradiction too.) Now with the similar discussion as in the proof of Theorem 2.5,
we can find a linear path P ′ of length 2ℓ with |KP ′| > |KP |, which is a contradiction
to the choice of P .
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Theorem 1.2 follows directly from Lemma 2.1, Theorems 2.5 and 2.6.
3 Concluding remarks
In this article, we give an asymptotic upper bound of minimum degree for 3-graphs
containing no linear path of specific length. Although the bound is tight up to a
constant, we have few information about the extremal 3-graphs through our proofs
at this stage. In fact, we believe that S3(n, k) and S
+
3 (n, k) are extremal 3-graphs for
P2k+1-free and P2k+2-free graphs with maximum minimum degree, respectively. We
leave this as an open question.
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